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following explicit stress–strain expressions for a c c (no summation
over c ):
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The corresponding k–² model is based on the formulation by
Hanjalić and Launder,9 but includes a second source term for ²
and the use a modi� ed timescale. Details are given in Ref. 3.

Results
In Figs. 2a and 2b, the Reynolds stress results for the newly pro-

posed compositemodel (CO) are compared to results of the original
model with an isotropicdissipation(ID) and DNS data for a channel
� ow.2 Because the CO and the ID models both use the same expres-
sion to calculateuv, the pro� les are identical.The predictionsare in
good agreement with the DNS data. For the normal components of
u i u j the CO model leads to improved predictions compared to the
ID model as can be seen in the examples for uu and vv . Predictions
of the CO model for a channel � ow case at Re s =180 show similar
features as for the high-Reynolds-numbercase and are, therefore,
not elaborated on in this Note.

Conclusions
It is shown that a more accurate prediction of the normal stresses

in the near-wall region requires an anisotropic dissipation model.
Because of the lack of a model for the transport terms, which allows
the explicit solution of the ARSM, these effects are often discarded.
In this Note, however, it is shown that the latter assumption is not
permissible in the shear direction. Hence, a new composite model
formulation is presented remedying some of the previous incon-
sistencies. As a result, the new composite model shows improve-
ments in modeling the normal stresses for a channel � ow compared
to the basic model and, therefore, promotes further studies in this
direction.
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Introduction

T HE circulationof tip vortices has traditionally been calculated
by taking the line integral of the velocity around a closed path

surrounding the vortex, which requires detailed knowledge of the
velocity � eld. Measurements of the velocity � eld can be made by
either single-point anemometry or whole-� eld particle image ve-
locimetry (PIV) techniques. Alternatively, if vortex circulation is
the primary parameter of interest, the direct measurement of cir-
culation can be achieved via acoustic means, thus eliminating the
need for detailed velocity measurements. An acoustic method that
allows for a simple, nonintrusive method of circulation measure-
ment has been developed in our laboratory utilizing narrow ultra-
sound beams.1 This method signi� cantly decreases the time it takes
to � nd the circulation in a speci� ed region of the � ow. The method
has been used to measure the circulationof delta wing vortices2 and
the bound circulationof an airfoil.1 This method was utilized in the
current study to examine the circulation of a tip vortex.

Tip vortices have been studied extensively in the past. Most of
the studies have examined the behavior of vortices using classical
anemometry techniques.3 ¡ 6 More recently, PIV has been employed
to obtain detailed velocity � eld measurements of the tip vortex in
the near � eld7 and the far � eld.8 Various vortex characteristicssuch
as circulation have been extracted from these velocity � elds. The
vortex circulation measured by our ultrasound method is compared
against previous data to assess the applicability of the ultrasound
technique.

Ultrasound Method
The ultrasound technique is based on the time of � ight of sound

pulses traversing a given path. Sound travels through � uids with a
velocitythat is the sum of the localsoundspeedand the local � owve-
locity. If the local � ow velocity augments (retards) the sound speed,
the time of � ight would be decreased (increased). In our setup,
a sound pulse was transmitted around a closed rectangular path in
one direction,and its transit time was accuratelymeasured.The pro-
cess was then repeated by emitting a pulse in the opposite direction
around the closed path. In the presence of a vortex, a time differ-
ence D t would be generated from transversing the path in opposite
directions. As derived by Johari and Durgin,1 the net circulation C
is linearly proportional to the time difference, that is, C = 1

2
a2 D t ,

as long as the sound speed a is constant along the path during the
transit time and the velocity component along the acoustic path is
small, for example, less than 0.1a. Further details of the method, its
advantages, and limitations are discussed by Johari and Durgin.1

Experimental Setup
The experiments were conducted in the Worcester Polytechnic

Institute low-speed wind tunnel that has test section dimensions of
45.7 cm high £ 61.0 cm wide £ 91.4 cm long. To create a tip vor-
tex, a half-wingwas mounted vertically from the tunnelceiling.The
wing was a blunt-ended, rectangular planform NACA 0012 with a
chord c of 10.5 cm and a semispan s of 22.3 cm resulting in a
(half-wing) aspect ratio of 2.1. The angle of attack was measured
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Fig. 1 Schematic of experimental apparatus and acoustic measure-
ment plane.

using a rotary position sensor with an accuracy of §0.1 deg. Two
angles of attack of 5 and 10 deg were examined at freestreamveloc-
ities of 10 and 15 m/s, corresponding to chord Reynolds numbers
of 6.8 £ 104 and 1.0 £ 105 .

An acoustic path was created in a plane perpendicular to the
freestream by employing two transducers and three re� ectors. The
acousticre� ectorswere positionedat four chordsdownstreamof the
trailing edge of the wing. The length of the wind-tunnel test section
permitted measurements only in the near-� eld region of the tip vor-
tex. The measurement plane and the coordinate system are shown
in Fig. 1. The re� ectors were mounted such that the upper two re-
� ectors were movable in the y direction,which allowed for changes
in the acousticpath length and the enclosed area. This permitted the
measurement of the distribution of the vortex circulation. The two
transducers were mounted � ush with the (inside) tunnel walls, and
the distancebetweenthe re� ectors in the z directionwas � xedat 47.6
cm. This arrangementproduceda closedpath that didnot include the
boundary layers on the tunnel walls. With the measurement plane
located four chords downstreamof the trailing edge of the wing, the
vortex is expected to be well formed and axisymmetric.6,7 Vortex
wandering effects are also small at this station.6

The ultrasoundmeasurementswere made using a pair of 19-mm-
diam transducersoperating at a frequencyof 100 kHz (Ref. 9). The
transducers were operated by an ultrasonic controller that served
also as a timing device. Calibration in still air showed that it had a
timing uncertainty of 5 £ 10 ¡ 8 s, which corresponds to a minimum
circulationuncertaintyof §.003m2/s at roomtemperature.This was
signi� cantly less than one standard deviation of the measured data.

Results
The circulation distribution of the wing tip vortex was measured

by varying the path of the ultrasoundbeam. As shown in Fig. 2, the
positionof one leg of the ultrasoundpath was varied from a path that
completely encompassed the vortex to a position where the vortex
was completely outside the path. At each position, approximately
100 data points were recorded. A sample circulation distribution
is shown in Fig. 2. The error bars represent plus and minus one
standard deviation of the measurements, and the mean uncertainty
for the measurements is 5%.

The circulation distribution shows that the maximum circulation
was maintained at a nearly constant level when the path completely
surroundedthe vortexcore.Circulationdroppedsharply throughthe
vortex core, and once the ultrasound path was completely outside
the vortex, the circulation approached zero. These results are ex-
pected because, when the ultrasound path completely encompasses
the vortex, all of the vorticity is contained inside the path and the
highest circulation values are achieved. When the ultrasound path
passes through the vortex core, some of the vorticity is no longer en-
closedby the path and so the circulationwill be lower. Once the path
is outside of the vortex, the circulation approaches zero. The small
dip in the data at y /c ¼ ¡ 1.0 corresponds to the position where a
pitot tube was mounted in the tunnel upstream of the measurement
plane. The pitot tube wake reduced the circulation at this point.

The measured circulation values for the four cases were normal-
ized with the chord length, freestreamvelocity, and sectionallift co-
ef� cient, that is, C / cU1 cl = C / 2 C bound . Here C bound is the measured
boundcirculationof the NACA 0012airfoil.1 The normalizedcircu-
lation distributions presented in Fig. 3 show reasonable agreement
among the four cases studied.This normalizationscheme appears to
collapse the data over the conditions studied and reveals that about

Fig. 2 Circulation distribution for a tip vortex at Rec = 6:8 £ £ 104 and
® = 10 deg.

Fig. 3 Normalized circulation distribution of tip vortices: , Rec =
6:8 £ £ 104 and ® = 5 deg; j , Rec = 6:8 £ £ 104 and ® = 10 deg; ° ,
Rec = 1:0 £ £ 105 and ® = 5 deg; u , Rec = 1:0 £ £ 105 and ® = 10 deg; and
¤ , Vogt et al.7 Rec = 1:5 £ £ 105 and ® = 10 deg.

80% of the wing circulation was rolled up into the tip vortex at
x / c = 4. The dip in the data at y /c ¼ ¡ 1.0 in Fig. 3 corresponds to
the pitot tube location for all four cases presented.

PIV measurements of a tip vortex generated by a NACA 0012
wing at four chords downstreamof the trailingedgewere performed
by Vogt et al.7 at a Reynolds number of 1.5 £ 105 and 10-deg angle
of attack. The effects of vortex wandering were removed by align-
ing the vortex centers of 1000 individualPIV velocity � elds before
averaging them. The properly averageddata � eld was acquired,and
contour integrations corresponding to our acoustic paths were per-
formed. This way, circulationdistributionsobtained from the ultra-
sound method can be compareddirectly against those from velocity
measurements. The circulation distribution of the PIV data is also
included in Fig. 3. The measurements obtained from the PIV data
correlate well with the ultrasoundmeasurements providing support
that the ultrasoundmethod accuratelymeasures the circulationdis-
tribution of the tip vortex.
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Table 1 Tip vortex characteristics

Case U 1 , m/s Rec a , deg C v / (cU 1 cl ) ¡ yc / s d /s

1 10 6.8 £ 104 5 0.38 0.10 0.15
2 10 6.8 £ 104 10 0.41 0.09 0.17
3 15 1.0 £ 105 5 0.40 0.10 0.17
4 15 1.0 £ 105 10 0.42 0.09 0.14
PIV7 25 1.5 £ 105 10 0.43 —— 0.05

The maximum vortex strength C v / (cU1 cl ), core location yc / s,
and vortex diameter d / s, listed in Table 1, were extracted from the
circulation distributions by � tting hyperbolic tangent curves to the
data. The spanwise location where C was one-half of its maximum
value yielded yc , and the vortex diameter was the extent between
the 5 and 95% circulation values. The experimental uncertainty is
5% for the former two parameters; the vortex diameter uncertainty
is much more dif� cult to quantify because of the asymptotic nature
of the curve � t at the two ends.

The normalized maximum vortex strength remains nearly con-
stant (within §5%) for the fourcasesconsidered.The vortexstrength
of the PIV data showsgoodagreementwith the data at 10 deg,which
suggests that the ultrasound method accurately measured the total
circulation of the tip vortex. Because of the wandering correction,
comparisonof the acousticallymeasured core locationwith the PIV
data would not be appropriate, as indicated in Table 1.

The normalizedvortex diametervaried over a range of values and
was about three times larger than that from the PIV data.The asymp-
totic natureof the curve � t at the two extremes makes this parameter
very sensitiveto small variations in the data.Additionally,the sound
pulses had a scale (the diameter of the transducerface) on the order
of 2 cm that tends to limit the spatial resolutionof the measurements
and to result in larger vortex diameters. The vortex diameter based
on the maximum tangential velocity reported in Ref. 6 is generally
on the order of 10% of the wing span, which corresponds to about
2 cm for our setup. This suggests that the vortex diameter measured
in the present experiments was approximately the same size as the
sound pulse used to measure the circulation. This is the reason for
the larger vortex diameters inferred. The relative spatial resolution
of the system would be improved in a larger experimental setup.

Forcingof the vortexwas pursued in an attempt to alter the vortex
characteristics. The forcing was accomplished by steady and pul-
satile injection,as well as suction of air (in the freestreamdirection)
from the vortex core. For the conditions utilized, no changes were
found in the forced vortex characteristics over the baseline case at
the four-chord measurement location.9

Summary
The circulation distribution of a wing tip vortex as a function of

the spanwise coordinate was measured directly by an ultrasound
techniqueutilizing a rectangular acoustic path. The vortex was gen-
erated by a blunt-ended NACA 0012 half-wing, and the measure-
mentsweremadeat fourchordsdownstreamof the trailingedge.The
circulation distribution behaved as expected: achieving its highest
level when the rectangular integration path completely surrounded
the vortex.The circulationdecreasedrapidly throughthe vortexcen-
ter before reachingnearlyzero when one side of the integrationpath
traversed through the vortex. The direct acoustic measurements of
circulation agreed well with those derived from detailed velocity
� eld data generated by a similar wing. The ultrasound method of-
fers accurate circulation measurements as long as the � ow scales
are larger than the size of the sound pulse employed in the measure-
ments.
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Introduction

S UBSTRUCTURAL decomposition techniques have been de-
veloped for large � exible structures to reduce the order of their

full model to a manageable level. These techniqueswere applied to
the control of large � exible structures by Pan1 and Sunar and Rao2

using the linear quadratic regulatorcontrol method and by Su et al.3

using the linear quadratic Gaussian (LQG) control method.
In this Note, a generalizedsubstructuraldecompositiontechnique

is presented to ef� ciently design controllers and observers for large
� exible structures using the LQG method. The structure is decom-
posed into substructures and the equations of motion (EOM) are
written for all of the substructures.The boundary forces due to sub-
controllers of surrounding substructures are included in the EOM
as they become available. These EOM are used in the subcontroller
and subobserver designs for all of the substructures. The subcon-
troller and subobserver matrices are assembled to obtain the global
controller for the whole structure. The accuracy and ef� ciency of
the substructuraltechniqueas compared to the full structuralmodel
are numerically illustrated on a large � exible structure.

Substructure Decomposition and Nodal Condensation
Assume that a � exible structure is decomposed into r substruc-

tures. The partitioned EOM of any kth substructure in the con� gu-
ration space with only controller input u can be written as

MAk Ak MAk Bk

MBk Ak MBk Bk

d̈Ak

d̈Bk

+
CdAk Ak

CdAk Bk

CdBk Ak
CdBk Bk

ÇdAk

ÇdBk

+
K Ak Ak K Ak Bk

K Bk Ak K Bk Bk

dAk

dBk

=
DAk Ak DAk Bk

DBk Ak DBk Bk

uAk

uBk

(1)
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